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ABSTRACT

Many variational models for image segmentation can be seen in the literature
and most of them uses image data fidelity term which involves a given image
information only. Usually an energy functional for such models consist two
energy functionals namely, external energy and internal energy. External energy
helps to attracts the active contour towards the true boundaries of an object,
whereas internal energy help to maintain the smoothness of the dynamic curve.
In region based models of image segmentation, the external energy is usually
the data fidelity term. In this paper we proposed a new variational model of
image selective segmentation which utilizes given image information as well
as information from an enhanced version of the given image. Experimental
results on some real and synthetic images validate the efficiency and robustness
of our proposed model in avery few iteration.

Keywords: Segmentation, Covariance (CoV), Level Set, Functional Minimization, Total
Variation (TV).

1. INTRODUCTION

Image segmentation is an important branch of image processing. Segmentation of images
means to divide an image into its constituent parts which are homogeneous in some sense
likeintensity or texture etc.

Many variational models have been devel oped for image segmentation problem and few
examples are, minimum description length criteria [8] ,watershed algorithms [15], region
growing and emerging [1] and Mumford-Shah functional minimization [10].

Let u(x.y) be agiven image defined on arectangular domain 2. Mumford and Shah (MS)
proposed general model:
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min F(I,I") = plength(I') + )\f |u — I)dz +f |VI|dx.
Lr Q Q\r

to automatically detect edgeT of « and piecewise smooth version | of u. The Chan-Vese
(CV) proposed the following model [3]:

F(p,t1,ty) = #/cﬁ(rﬁ)|va|(i.r(f-y+A1/|u.(:1:,y)7t1|2H(@)d:rdy
Q Q@ (1)

b / lu(z,y) — tl*(1 — H(6))dady,

wheregis alevel set function [12, 13], 4 (=) is the Dirac delta function and H(x) is the
Heaviside function. where u is a given image, t; and t, are constants denoting average
values of u inside and outside of T respectively. Although MS and CV models work
efficiently for several segmentation tasks, but sometimes we are not interested to segment
the whole image but only need to segment the single part from the whole image, this
process of segmenting the single region among the several region of an image classify as
image sel ective segmentation.

Recently, we proposed [2] a new model of selective segmentation, which is discussed
in next section.

In contrast with existing models, there we ensured the better performance of our
model in noisy images and best efficiency in terms of robustness and accuracy. In images
with low contrast, intersecting regions with homogeneousintensities and in images having
un-illuminated objects, the Badsha-Chen [2] model may fails to work. Now we will equip
our model with a new type of image data fidelity term that can work better even when a
given image has overlapping regions with almost homogeneous intensities or when edges
of a given image are not prominent. This data fidelity term is based on the concept of
covariance. Our experimental results show the stupendous performance of this new type
of fidelity term based model, in contrast with the old model.

We organize this paper in the following way. In section 2 we give a review of the
Badshah-Chen model [2]. In section 3 we introduce our proposed new variational model
of minimization and the corresponding Euler-L agrange equation. In Section 4 we include

an additive operator splitting (AOS) scheme for solving the PDE. In Section 5 weinclude
some experimental results.

2. THE BADSHAH-CHEN MODEL (BC)
To segment a given image u, The Badshah and Chen Model [2] is

i F(I'. tq.t-
i Bl %)

where
F t,t) = ,u./d(r.,y)gQVuDd.s-
r

+ A / (w — 1) drdy + )\Qf (1 — t3)%dxdy @)
Joutside(I") inside(T)

& 1, A;and )\, are positive parameter, t, and t; are the average intensities inside and
outside a contour T' respectively. The function d(x, y) is adistance function defined in [6]
as:
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n _(‘r_xi)z _(y_y:')2
d(z,y) = H (1 —e 207 o 207 ) Yz, y) € 0,

=1

where the marker set
A={(zs,u):i=1,2,3,.....,m}

are the given geometrical constraints and we want that the boundary of an object of
interest to be detected.

9(|Vu|) is denoting edge detector function and the following one is a popular choice.

1
9(|Vul) = m

Inlevel set formulation, equation (2) becomes

F(g,t1,ta) = #-fd(aay)g(IWI)é(é}\V@\dmdwAlf |u(e, y) — t1|*H (¢)dxdy
Q

Q

+ha [ Jule,y) = (1 = H(g))dody,
o

where

1 ifz>0 - o
H(.r.)f{o o and §(x) = H'(x)

are the one dimensional Heaviside and Dirac delta function respectively.
Since the Heaviside function is not derivable at the origin, a regularized version of
Heaviside function is used [3, 4, 11],

1 2 z ;
Hi(z)= 5(1 + = arctan(;)) ; 0(2) = H(z) =

€

7(e + 22)

The regularized functional F.(¢,t1,t2), isgiven by

F.o,t,t2) = #f

«Q

A, 99T a5 ()T olddy + M [ ule.y) = o H()dzdy
0

+ % [ fuz) — (- HA6))dzdy.

Keeping ¢ fixed and minimizing F.(¢,t,.%,) With respect tot; and t,, we have

(g < @ ) dady L foule)(1— Ho(o))drdy

Q) = al@) =

v Joy H(¢)dwdy - Jo(1 = Ho(9))dady

assuming that the curve has a non-empty interior and non-empty exterior in 2. Keeping

ty, t, fixed and minimizing F. with respect to ¢ gives the following Euler-Lagrange
equation for ¢ :

d(¢) [udiv (1-1.-'{3;‘ y)%)

7/\1(u('r’y)*t1)2+)\2(U(I.y}*t2)2} =0 inQ,
W (z,y)5.(¢) dp .-
Vel am 0 on 90, -
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where )

W(z,y) = d(z,y g(\VH\)
7 isthe unit exterior normal to the boundary 452 , and |sthe normal derivative of ¢
at the boundary.

The above PDE may be considered as a steady state form of the following evolution

equation:
do V

. Al{uftl)"“r)\?(u.—tz)}, i )
o(t,z,y) = ¢olz,y), nfd

A balloon term [6], oW (x,y)|Ve| , Was added for speed the convergence of the model
and iteration initializauon, wnere o is a constant. We use the Additive Splitting scheme
[17, 9] to solve the above evolution equation.

Since the function
d x, ul)ds
fr (z,1)g(IVul) (5)

similar to [5, 6], isthefirst term of Badshah-Chen model. The purpose of this model was
to minimize their proposed functional so that to find the unknown boundary curve fj. but
in case of noisy image it is difficult for an edge detector function in detecting edges. As
this model based on edge detector function so it is oftenly fails to work in case of noisy
images and in images with fuzzy edges. I sotropic Gaussian smoothing helpsin smoothing
u, but unfortunately it also smooth the edges. The second term of BC model isthe image
data fidelity term L —t; )2 dzdy + [, —t,)?dady which belongs to the

utside(l’ inside(I’

CV model proposed in[3]. Thlsterm facilitate the BC model to work in noisy images and
to obtain fast convergence in terms of number of iteration.

However there are images which are challenging for selective segmentation problem. In
particular, CT and MRI images with unilluminated organs, fuzzy edges, and overlapping
homogeneous regions.

Since the BC model (2) involves the fidelity term or region detector [ [u — t[*dxdy +

J | — t2)*ddy taken from CV model [3]. our experimental results shows that BC model
does not work well, while working with such challenging images due to detection of
spurious objects. For segmenting such tough and challenging images in selective segmentation
task ,better region detectors are required. To fulfill these requirement, here we proposed
our covariance based sel ective segmentation model.

3. THE PROPOSED MODEL

In this section we will present our new variational model for image selective segmentation
and will compare our proposed model with the latest existing models[2, 5]

Since afidelity term usually carries a given image information only and many models
can be seen in the literature with such fidelity terms[2, 3, 7, 14, 16].

The idea of covariance can help to robust an energy functional which consist statistical

information of agiven image aswell asit incorporates guidance from an enhanced version
of that image.
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Since covariance of two variables A and B, is given by:

= %z (,4— .J.) (B— E).

or

1 — - 6

c=—3 (4B-7B). (6)
Along with a given image Iu(x, y), we wish to use as an enhanced version of I(x.y), the
averaging convolution image 1+(x,y). i.c..

I(r.y) = po* Iolz,w),

with P an averaging convolution operator of window size k x k.
The equation (6) can help to construct afidelity term in continuous settings that can include,
agiven image information and incorporates information of a enhanced version of theimage,
in the main model.

Thus we construct a fidelity term by using L2 norm and therefore the product of means
can be replaced by a constant (say) t; by observing (6).

We get:

f (II* —t,) dedy + [ (IT* = ¢5)2dady. @)
out side(I")

inside()

Usually in region-based models two terms namely, global term and local term, contribute
mainly. A global term helps in detecting the main structure formed by objects/regions
in an image, where as, alocal term helps in capturing small and valuable details. For
utilizing local information, we use local fitting term proposed in [7] given by,

2 2
(pr*xu—u)— ¢ ) dedy —|—/ (pr*u—u)—cy) dedy,
Lufside‘(l") ( 1) inside(T) ( 2) (8)

where pr an averaging convolution operator of window sizek x k, c; and ¢, are the
average intengities of the differenceimage (p,,  u — u) insideand outside T", respectively
and u = 11"

By denoting the differenceimage (P *%—u) with u*, so to develop our new model, we
combine the fitting terms given in (7) and (8) with the function given in (5) as follows:

FEttaene) = [ dog)a(Val)ds
r
s f [)\1(11* il P i Al cl)ﬂ danely ©)
outside(L’)
+ j {AI(H* — b))+ Al — CQ)Z} dzdy.
inside(T")

Since the F model involves data fidelity terms that incorporates both local and global
information. Therefore, for the comparison with the latest existing selective segmentation
models [2, 5], we prefer to use the F model in next experimental section. For simplicity,
we give briefly only the minimization of F here.

The F inlevel set formulation is given by:
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Flotituenes) = i [ dle.g)gl] Va )36 Voldedy
194
+ /[Alm—m + dalut* = 0] H(6)dady
Q

4 fﬂ [\ (= 12 4 dala® — e2)?] (1~ H(6))dady,

where 11, Ayand A, are constants and are used for assigning different weights.

By considering the following regularized minimization problem

min
min  F.(¢, 11, t2, ¢1,02),
@ f1.t2,01.02
where
F.(o,t,ty,01,00) = fda ¥)g(| Vu )6.(4)|Veoldady
+ / [Al(u- -t P+ Nlu - }‘)‘] H.(¢)dzdy
0
+ [ [Al(u—t2>2+»\2(-u-*—c2>2]<1—Hs(@))czxdy.
0

minimization of F.(¢,t1,t2,c1,c9) withrespectto t1, f2, ¢, 2 and ¢ leadsto the
following solutions:

Jo ulz, y)H.(¢)dzdy _ Jauls, y}(l - H (O) dxdy
W) = ety 0 )= = R0 ey
o Jout(z oy Ho(@)dady _ Jow'(a, y}(lf ())dzdy
cl(@) - fq HE(O) :Cdy 1 CZ(@) - fq 1 . didy

O (o ){udn (U .y ;ﬂ)
+)\1( (u—t)" + (u—ty) ) + )\2( — (=) (- 02)2)] =0 mQ, (11
Ao
o~

0 on d9,

where i isan exterior unit normal to the boundaryd<) and % isthe normal derivative
7

of ¢ at the boundary. The above PDE may be considered as a steady state form of the
following evolution equation.

d¢
ot

b9 ){HV( ‘g ‘) A(u— 1) (12)

— Xplut — )+ Aalu —t2)? + Aglu* — 62)2} . in Q
o@. 3 = o(x,y,0), in.

By implementing, AOS method as done in [9, 17, 18] to solve the PDE (12), the
following system of eguations is obtained.
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(I — 2AtDy(®7)) i+ f7 for1=1,2,

2
1

i t

and ¥ = EE P,

where | istheidentity matrix and D; for [ =1, 2 atridiagonal matrix.
4, EXPERIMENTAL RESULTS

In this section we give some simulation results. For convenience, we shall denote by
M-1 . the Gout model

M-2 . the BC model and

M-3. the proposed CLM.

Below we give comparison results of these three methods.
In both M-2 and M-3, weuse A, = A\, = A.

The behavior of M-2 can be seen in figures 1(c) and 2(c). On the other hand the
following experiments reveal the failure of M-1 model. In figures 1(b) and 2(b) it can be
seen that M-1 did not completed the tasks. In contrast with M-1, M-2, the best
performance of M-3 can be seen from the experiments. The experiments also exhibit that
M-3isbest in accurate and fast detection and successful in the images in which these two
models are unable to work.

In figure 1(d) and 2(d) the successful detection by M-3 can be easily seen.

In summary, it has been observed from the experiments that, while performing selective
segmentation on the challenging images having nearly equal intensity regions or fuzzy
edges, the performance of M-2 isless effective, asin such casesit is often observed that
the active contour crosses the boundary of an object of interest in the image and therefore
the existing model is unable in detecting the actual boundary and consequently the region
of iﬂt%r%t in the image. In contrast, the proposed new M-3 outperforms all existing
methods.

In summary a new image selective segmentation model is proposed which utilize both
local and global information of a given image. Experimental results validate that this new
model is robust in terms of accurate detection than the existing models.

Fig. 1

Segmenting a synthetic image using the proposed M-3 method: (a)initial contour;
(b)Result of M-1; (c)Result of M-2 (d) Result of M-3, size=256 X 256

('%3)
~J~J~J

(& Initial Contour  (b) Result of M-1 C) Result of M-2  (d) Result of M-3
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Fig. 2
Successful detection of selected portion in real heart image by the proposed M-3 can be
seen in gure 2(d). In contrast with M-3, the uncompleted tasks by M-1 and M-2 can aso
be seen clearly in 2(b) and 2(c).

(@) Initial Contour  (b) Result of M-1 (c) Result of M-2  (d) Result of M-3
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